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Abstract We study discretization of Darboux integrable systems. The discretization is done
by using x- or y-integrals of the considered systems. New examples of semi-discrete Darboux
integrable systems are obtained.
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1 Introduction
In the present paper we study the problem of discretization of integrable equations so that the
property of integrability is preserved. In particular, we consider hyperbolic type systems
pixy = f
i(x, y, p, px, py) i = 1, . . . , m , (1)
where p = (p1, . . . , pm), px = (p
1
x, . . . , p
m
x ) and py = (p
1
y, . . . , p
m
y ).
For such hyperbolic systems it is convenient to use Darboux integrability [1]. The above
system is said to be integrable if it admits m functionally independent non-trivial x−integrals and
m functionally independent non-trivial y−integrals. A function I(x, y, p, py, pyy, ...) is called an
x− integral of the system (1) if
DxI(x, y, p, py, pyy, ...) = 0 on all solutions of (1), (2)
where Dx is the total derivative with respect to x. One can define y− integrals in a similar way.
The Darboux integrable systems are extensively studied, see [2]-[11] and a review paper [12].
The extension of the notion of Darboux integrability to discrete and semi-discrete Darboux
integrable systems was developed by Habibullin and Pekcan [13], see also [14]. In recent years
there is an interest in studying such systems, see [15]-[25]. A semi-discrete system
qinx = f
i(x, n, q, qx, q1) i = 1, . . . , m , (3)
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where q = (q1, . . . , qm), qx = (q
1
x, . . . , q
m
x ) and q1 = (q
1(x, n+1), . . . , qm(x, n+1)), is called Darboux
integrable if it admits m functionally independent non-trivial x−integrals and m functionally
independent non-trivial n−integrals. A function J(x, n, q, qx, qxx, ...) is called an n− integral of
the system (3) if
DJ(x, y, q, qx, qxx, ...) = J(x, n, q, qx, qxx, ...) on all solutions of (3), (4)
where D is the shift operator, that is Dq = q1. Note that Dqk = qk+1, k = 1, 2, 3, .... The
x−integrals I(x, n, q, q1, q2, ...) for the system (3) are defined in the same way as for continuous
system.
A hypothesis states that any continuous Darboux integrable system can be discretized with
respect to one of the independent variables such that the resulting semi-discrete system is Darboux
integrable and admits the set of x− or y− integrals of the original system as n−integrals [25]. The
results of our work support the above hypothesis. We complete the discretization of continuous
Darboux integrable equations derived by Zhiber and Kostrigina in [8]. In their paper Zhiber
and Kostrigina considered the classification problem for continuous Darboux integrable systems
admitting x− and y−integrals of the first and second orders. They found all such systems together
with their x- and y-integrals. Following [8] we have two types of systems. The first system is

uxy =
uxuy
u+ v
+
(
1
u+ v
+
α
u+ α2v
)
uxvy,
vxy =
α2vxvy
u+ α2v
+
(
1
α(u+ v)
+
α
u+ α2v
)
uxvy.
(5)
For α = 1 it has y-integrals
I = 2v −
u+ v + c
ux
+ 2c ln
ux
u+ v + c
, (6)
J =
uxx
ux
−
2ux + vx
(u+ v + c)
(7)
and the x-integrals have the same form in u, uy, uyy and v, vy, vyy variables.
For α 6= 1 it has y-integrals
I1 =
(
1 +
1
α
)
v
(
ux
u+ v
)1−α
− vx
(
ux
u+ v
)−α
, (8)
J1 =
uxx
ux
−
(α + 1)ux + αvx
α(u+ v)
(9)
and the x-integrals have the same form in u, uy, uyy and v, vy, vyy variables.
The second system is 

uxy =
vuxuy
uv + d
+
(
1
uv + d
+
1
α(uv + c)
)
uuxvy,
vxy =
uvxvy
uv + c
+
(
α
uv + d
+
1
uv + c
)
vuxvy.
(10)
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For α = 1 it has y-integrals
I2 =
(d− c)v2u2x
2(uv + d)2
−
cuxvx
uv + d
(11)
and
J2 =
uxx
ux
+
(d− c)vux − cuvx
c(uv + d)
, (12)
where c and d are non-zero constants and the x-integrals have the same form in u, uy, uyy and
v, vy, vyy variables.
For α 6= 1 it has y-integrals
I3 =
uβxvx
(uv + d)β
+
βv2uβ+1x
(uv + d)β+1
(13)
and
J3 = −
uxx
ux
+
2vux + uvx
uv + d
, (14)
where d and β 6= 1 are non-zero constants, and the x-integrals have the same form in u, uy, uyy
and v, vy, vyy variables.
To discretize the systems (5) and (10) we employ a method introduced by Habibullin et. all
[21], (see also [24]-[26]). In this approach one takes x- or y-integrals of a system and looks for
a semi-discrete system admitting such integrals as n-integrals. In general one gets a set of semi-
discrete systems admitting these n-integrals. For all sets of y− integrals of systems (5) and (10) we
obtained corresponding semi-discrete systems. In all cases we were able to choose a semi-discrete
system that gives the original system in the continuum limit. Also in examples where we can
write a semi-discrete system explicitly we have shown that the system is Darboux integrable.
The following theorems are formulated for a hyperbolic type semi-discrete system
 uxn = f(x, n, u, v, ux, vx, un, vn),vxn = g(x, n, u, v, ux, vx, un, vn), (15)
where variables u, v depend on a continuous variable x ∈ R and a discrete variable n ∈ N. Note
that the system (5) in the case α = 1 was discretized in [25].
Theorem 1 Let α 6= 1. A system (15) admits n-integrals (8) and (9) if and only if it has the
form
u1x =
u1+v1
u+v
Dα
−1
1 ux,
v1x =
α+1
α
v1Dα
−1
1
−vD1
u+v
ux +D1vx.
(16)
The function D1 is equal to 1 or given implicitly by H(K1, L1) = 0, where H is any smooth
function and
K1 =
αv1D
α−1
1 − αvD
1+α−1
1 + (1−D
α−1
1 )u1
(Dα
−1
1 − 1)
α+1
, (17)
3
L1 =
(u1 −D
1+α−1
1 u)e
Dα
−1
1
D1(Dα
−1
1 − 1)
a
+
(−1)αeD
α−1
1 (αv1D
α−1
1 − αvD
1+α−1
1 + (1−D
α−1
1 )u1)
(Dα
−1
1 − 1)
α+1
. (18)
Let us construct some examples.
Example 1 In the case D1 = 1 the system (16) becomes
u1x =
u1 + v1
u+ v
ux,
v1x =
(
1 +
1
α
)
v1 − v
u+ v
ux + vx.
(19)
This system is Darboux integrable. Indeed, it has two independent non-trivial n- integrals (8), (9)
and two independent non-trivial x-integrals
F1 =
v − v1
v1 − v2
and F2 =
u1 − u
(v1 − v)
α
1+α
− α(v1 − v)
1
1+α . (20)
The x-integrals can be found by considering the x-algebra corresponding to the system.
Example 2 Considering K1 = 0 and α = −1 we get D1 =
u1 + v1
u1 + v
. Using (16) we get the
system
u1x =
u1 + v
u+ v
ux,
v1x =
u1 + v1
u1 + v
vx.
(21)
This system is Darboux integrable. Indeed, it has two independent non-trivial n- integrals (8), (9)
and two independent non-trivial x-integrals
F1 =
(u2 + v1)(v − v1)
(u1 + v1)(v1 − v2)
and F2 =
(u− u1)(u1 + v1)
(−u1 + u2)(u1 + v)
. (22)
Example 3 Considering K1 = 0 and α =
−1
2
we get D1 =
4u1 + 2v1
v +
√
v2 + 16u21 + 8u1v1
. Using (16)
we get the system
u1x =
u1 + v1
u+ v
(
v +
√
v2 + 16u21 + 8u1v1
4u1 + 2v1
)2
ux,
v1x = −

 v1
u+ v
(
v +
√
v2 + 16u21 + 8u1v1
4u1 + 2v1
)2
−
v(4u1 + 2v1)
(u+ v)(v +
√
v2 + 16u21 + 8u1v1)

 ux
+
4u1 + 2v1
v +
√
v2 + 16u21 + 8u1v1
vx
(23)
This system has two independent non-trivial n- integrals (8) and (9).
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Example 4 Considering L1 = 0 and α =
−1
2
we get D1 =
v1 +
√
v21 + 16u
2 + 8uv
2v + 4u
. Using (16)
we get the system
u1x =
u1 + v1
u+ v
(
2v + 4u
v1 +
√
v21 + 16u
2 + 8uv
)2
ux,
v1x = −

 v1
u+ v
(
2v + 4u
v1 +
√
v21 + 16u
2 + 8uv
)2
−
v(v1 +
√
v21 + 16u
2 + 8uv)
(u+ v)(2v + 4u)

ux
+
v1 +
√
v21 + 16u
2 + 8uv
2v + 4u
vx
(24)
This system has two independent non-trivial n- integrals (8) and (9).
Remark 1 In both previous examples let us consider the corresponding x-rings. Denote by X =
Dx, Y1 =
∂
∂ux
, Y2 =
∂
∂vx
, E1 = [Y1, X ], E2 = [Y2, X ], E3 = [E1, E2]. Note that X = uxE1 +
vxE2 + Y1 + Y2. The following multiplication table
[Ei, Ej ] E1 E2 E3
E1 0 E3 −2(u+ v)
−1E3
E2 −E3 0 −2(u+ v)
−1E3
E3 2(u+ v)
−1E3 2(u+ v)
−1E3 0
shows that x-rings are finite-dimensional. Therefore systems (23) and (24) are Darboux integrable.
Remark 2 Expansion of the function Dα
−1
1 given implicitly by H(K1, L1) = L1 = 0, that is by
αv1D
α−1
1 − αvD
1+α−1
1 + (1−D
α−1
1 )u1 = 0,
into a series of the form Dα
−1
1 (u1, v, v1) =
∞∑
n=0
an(v1 − v)
n, where coefficients an depend on vari-
ables u1 and v only, yields
Dα
−1
1 (u1, v, v1) = 1 +
α
u1 + α2v
(v1 − v) +
∞∑
n=2
an(v1 − v)
n
and
D1(u1, v, v1) = 1 +
α2
u1 + α2v
(v1 − v) +
∞∑
n=2
an(v1 − v)
n.
By letting u1 = u+ εuy, v1 = v + εvy and taking ε→ 0 one can see that the system (16) becomes
(5).
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Theorem 2 A system (15) admits n-integrals (11) and (12) if and only if it has the form
u1x =
v(u1v1 + d)D2
v1(uv + d)
ux,
v1x =
(d− c)vv1(D
2
2 − 1)
2c(uv + d)D2
ux +
v1
vD2
vx.
(25)
The function D2 is given implicitly by H(K2, L2) = 0, where H is any smooth function and
K2 =
v1(D2 − 1)M
−
2d
c+d
vD2
(−2cdu1v1 + uvD2M) , L2 =
vD2M
2d
c+d
v1
, (26)
where
M = 2cd+
(c+ d)(D2 − 1)u1v1
D2
.
Example 5 Considering K2 = 0 we can get D2 =
(2cd+ (c+ d)uv)u1v1
(2cd+ (c+ d)u1v1)uv
. Using (25) we get the
system
u1x =
u1(u1v1 + d)(2cd+ (c+ d)uv)
u(uv + d)(2cd+ (c+ d)u1v1)
ux,
v1x =
(d− c)
2c(uv + d)
{
u1v
2
1(2cd+ (c+ d)uv)
u(2cd+ (c+ d)u1v1)
−
uv2(2cd+ (c+ d)u1v1)
u1(2cd+ (c+ d)uv)
}
ux
+
u(2cd+ (c+ d)u1v1)
u1(2cd+ (c+ d)uv)
vx.
(27)
This system has two independent non-trivial n- integrals (11) and (12). One can check that this
system also has the following two n-integrals
I∗2 =
(2cd+ (c+ d)uv)ux
u(uv + d)
,
J∗2 =
(c− d)uv2ux
2c(uv + d)(2cd+ (c+ d)uv)
+
uvx
2cd+ (c+ d)uv
.
Considering the corresponding x-algebra we can also find x-integrals given by
F1 =
u1
u
(
2cd+ (c+ d)uv
2cd+ (c+ d)u1v1
) c−d
c+d
, F2 =
u1v1 − uv
u2v2 − uv
. (28)
Example 6 Considering K2 = 0 we can also get D2 =
(c+ d)u1v1
2cd+ (c+ d)u1v1
. Using (25) we get the
system
u1x =
(c+ d)u1v(u1v1 + d)
(uv + d)(2cd+ (c+ d)u1v1)
ux,
v1x =
(d− c)v
2c(uv + d)
{
(c+ d)u1v
2
1
2cd+ (c+ d)u1v1
−
2cd+ (c+ d)u1v1
(c+ d)u1
}
ux +
2cd+ (c+ d)u1v1
(c+ d)u1v
vx.
(29)
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This system has two independent non-trivial n- integrals (11) and (12) and two independent x-
integrals
F1 =
1
c+ d
(
2cd+ (c+ d)u1v1
vu1
) c+d
2d
+
u
u1
(
2cd+ (c+ d)u1v1
vu1
) c−d
2d
and
F2 =
v1u
d−c
2d
1 (2cd+ (c+ d)u1v1)
c+d
2d
v
c+d
2d (2cd+ (c+ d)(u1v1 + u2v2))
.
Remark 3 The expansion of the function D2 given implicitly by H(K2, L2) = L2 − (2cd)
2d/(c+d) = 0
into a series of the form D2(u1, v, v1) =
∞∑
n=0
an(v1 − v)
n, where coefficients an depend on vari-
ables u1 and v only, yields D2(u1, v, v1) = 1 +
c
v(uv + c)
(v1 − v) +
∞∑
n=2
an(v1 − v)
n. By letting u1 =
u+εuy, v1 = v+εvy and taking ε→ 0 one can see that the system (25) becomes (10) with α = −1.
Theorem 3 A system (15) admits n-integrals (13) and (14) if and only if it has form
u1x =
u1v1 + d1
D3(uv + d)
ux,
v1x =
(
−βv21
D3(uv + d)
+
βv2Dβ3
uv + d
)
ux +D
β
3vx.
(30)
The function D3 is given implicitly by H(K3, L3) = 0, where H is any smooth function and
K3 =
(v1 − vD
β
3 )
β−1(d1u− du1D3)
D3
, (31)
L3 = (v1 − vD
β
3 )
(1−β)β−1(d1D
β−1
3 − d1 + (β − 1)u1(v1 − vD
β
3 )). (32)
Example 7 Considering K3 = 0 we can get D3 =
v
1/β
1
v1/β
. Using (30) we get the system
u1x =
(u1v1 + d1)v
1/β
(uv + d)v
1/β
1
ux,
v1x =
{
−
βv21v
1/β
v
1/β
1 (uv + d)
+
βv2v1
v(uv + d)
}
ux +
v1
v
vx.
(33)
This system has two independent non-trivial n- integrals (13) and (14) and two independent x-
integrals
F1 =
(
1−
(v1
v
) 1−β
β
)(
−d1u+ du1
(v1
v
) 1
β
)β−1
and
F2 =
v
1−β
β − v2
1−β
β
v
1−β
β − v1
1−β
β
.
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One can check that this system also has the following two n-integrals
I∗3 =
v1/βux
uv + d
, J∗3 =
vx
v
+
βvux
uv + d
.
Example 8 Considering K3 = 0 we can also get D3 =
d1u
du1
. Using (30) we get the system
u1x =
(u1v1 + d1)du1
(uv + d)d1u
ux,
v1x =
{
−
βdv21u1
d1u(uv + d)
+
βdβ1v
2uβ
dβuβ1(uv + d)
}
ux +
dβ1u
β
dβuβ1
vx.
(34)
This system has two independent non-trivial n- integrals (13) and (14) and two independent x-
integrals
F1 =
dβ1u
βv − dβuβ1v1
dβ2u
β
1v1 − d
β
1u
β
2v2
and
F2 =
(dβ1u
βv − dβuβ1v1)(dd
β
1u
βu− d1d
βuβ1u+ (1− β)uu1)
dd1uu1
.
One can check that this system also has the following two n-integrals
I∗∗3 =
dux
u(uv + d)
, J∗∗3 =
uβvx
dβ
+
βv2uβux
dβ(uv + d)
.
Example 9 Considering L3 = 0 with β = 2 we get D3 =
d1 +R
2u1v
, where
R =
√
d21 + 4u1v(u1v1 − d1).
Using (30) we get the system
u1x =
(u1v1 + d1)(d1 −R)
2(uv + d)(d1 − u1v1)
ux,
v1x =
{
v21(R− d1)
d1 − u1v1
+
d21 + 2u1v(u1v1 − d1) + d1R
u21
}
ux
uv + d
+
d21 + 2u1v(u1v1 − d1) + d1R
2u21v
2
vx.
(35)
This system has two independent non-trivial n- integrals (13) and (14).
Example 10 Considering L3 = 0 with β = 1/2 we get D
1/2
3 =
2d1 + u1v1 +R
2u1v
, where
R =
√
(2d1 + u1v1)2 − 8d1u1v.
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Using (30) we get the system
u1x =
(u1v1 + d1)(2d1 + u1v1 −R)
2
16d21(uv + d)
ux,
v1x =
{
−v21(2d1 + u1v1 − R)
2
32d21
+
v(2d1 + u1v1 +R)
4u1
}
ux
uv + d
+
2d1 + u1v1 +R
2u1v
vx.
(36)
This system has two independent non-trivial n- integrals (13) and (14).
Remark 4 In both previous examples the corresponding x-rings have the following multiplication
table
[Ei, Ej] E1 E2 E3
E1 0 E3
−2v
d+uv
E3
E2 −E3 0
−2u
d+uv
E3
E3
2v
d+uv
E3
2u
d+uv
E3 0
where fields X, Y1, Y2, E1, E2 and E3 are introduced in the same way as in Remark 1. It shows
that the x-rings are finite-dimensional and the corresponding systems are Darboux integrable.
Remark 5 The expansion of the function D3 given implicitly by H(K3, L3) = L3 = 0 into a
series of the form D3(u1, v, v1) =
∞∑
n=0
an(v1 − v)
n, where coefficients an depend on variables u1
and v only, yields
D3(u1, v, v1) = 1 +
u1
βu1v − d1
(v1 − v) +
∞∑
n=2
an(v1 − v)
n.
By letting u1 = u+ εuy, v1 = v + εvy and taking ε→ 0 one can see that the system (30) becomes
(10). Note that β = −α.
2 Proof of Theorem 1
It follows from the equality DJ1 = J1 that
u1xx
u1x
−
(
1 +
1
α
)
u1x
u1 + v1
−
v1x
u1 + v1
=
uxx
ux
−
(α + 1)ux + αvx
α(u+ v)
, (37)
that is
fx + fuux + fvvx + fu1f + fv1g + fuxuxx + fvxvxx
f
−
(
1 +
1
α
)
f
u1 + v1
−
g
u1 + v1
=
uxx
ux
−
(α + 1)ux + αvx
α(u+ v)
.
(38)
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By comparing the coefficients by vxx and uxx, we get fvx = 0 and
fux
f
=
1
ux
. Hence
f(x, n, u, v, u1, v1, ux, vx) = A(x, n, u, v, u1, v1)ux. (39)
It follows from DI1 = I1 that(
1 +
1
α
)
v1
(
Aux
u1 + v1
)1−α
− g
(
Aux
u1 + v1
)−α
=
(
1 +
1
α
)
v
(
ux
u+ v
)1−α
− vx
(
ux
u+ v
)−α
, (40)
that is
g =
(
1 +
1
α
)(
Av1
u1 + v1
−
vAα
u+ v
(
u+ v
u1 + v1
)α)
ux +
(
A
u+ v
u1 + v1
)α
vx. (41)
By substituting the expressions for f and g into (38) and comparing the coefficients by vx, ux and
the free term we get
Ax
A
= 0, (42)
Au
A
+ Au1 +
(
1 +
1
α
)[
Av1
v1
u1 + v1
−
vAαAv1
A(u+ v)
(
u+ v
u1 + v1
)α
−
A
u1 + v1
−
Av1
(u1 + v1)2
+
vAα
(u+ v)(u1 + v1)
(
u+ v
u1 + v1
)α
+
1
u+ v
]
= 0, (43)
Av
A
+
Av1A
α
A
(
u+ v
u1 + v1
)α
−
Aα
u1 + v1
(
u+ v
u1 + v1
)α
+
1
u+ v
= 0. (44)
Let
D1 =
(
u+ v
u1 + v1
)α
Aα. (45)
In terms of the function D1 the equations (43) and (44) become
(u+ v)D1u + (u1 + v1)D
α−1
1 D1u1 +
α+ 1
α
(v1D
α−1
1 − vD1)D1v1 −D1(D
α−1
1 − 1) = 0, (46)
D1v
D1
+D1v1 = 0. (47)
The set of solutions of the above system is not empty. For example, D1 = 1 is one singular
solution that leads to the Darboux integrable system (19). Let D1 6= 1. For function W =
W (u, v, u1, v1,D1) equations (46) and (47) become
(u+ v)Wu + (u1 + v1)D
α−1
1 Wu1 +
α+ 1
α
(v1D
α−1
1 − vD1)Wv1 +D1(D
α−1
1 − 1)WD1 = 0, (48)
Wv
D1
+Wv1 = 0. (49)
After the change of variables v˜ = v, v˜1 = v1 − vD1, u˜ = u, u˜1 = u1, D˜1 = D1 equations above
become
(u˜+ v˜)Wu˜ + (u˜1 + v˜1 + v˜D˜1)D˜
α−1
1 Wu˜1 + ((1 +
1
α
)v˜1D˜
α−1
1 +
1
α
v˜(D˜1+α
−1
1 − D˜1))Wv˜1
+(D˜1+α
−1
1 − D˜1)WD˜1 = 0,
Wv˜ = 0.
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We differentiate the first equation with respect to v˜, use Wv˜ = 0, and get two new equations
Wu˜ + D˜
1+α−1
1 Wu˜1 +
1
α
(D˜1+α
−1
1 − D˜1)Wv˜1 = 0, (50)
u˜Wu˜ + (u˜1 + v˜1)D˜
α−1
1 Wu˜1 +
α + 1
α
v˜1D˜
α−1
1 Wv˜1 + (D˜
1+α−1
1 − D˜1)WD˜1 = 0. (51)
After the change of variables u∗1 = u˜1 − D˜
1+α−1
1 u˜, v
∗
1 = αD˜
α−1
1 v˜1 + (1 − D˜
α−1
1 )u˜1, u
∗ = u˜, v∗ = v˜
and D∗1 = D˜1 the last system becomes
Wu∗ = 0,(
(D∗1
α−1 + α−1(1−D∗1
−α−1))u∗1 + α
−1v∗1D
∗
1
−α−1
)
Wu∗
1
+ α+1
α
v∗1D
∗
1
α−1Wv∗
+D∗1(D
∗
1
α−1 − 1)WD∗
1
= 0.
The last equation has a general solution H(K1, L1) = 0, where K1, L1 (rewritten in old variables)
are given by (17), (18) and H is any smooth function. Now, using the equalities (45), (39) and
(41) we obtain the system (16). 
3 Proof of Theorem 2
The equality DJ2 = J2 implies
fx + fuux + fvvx + fu1f + fv1g + fuxuxx + fvxvxx
f
+
(d1 − c1)v1f − c1u1g
c1(u1v1 + d1)
=
uxx
ux
+
(d− c)vux − cuvx
c(uv + d)
. (52)
By comparing the coefficients by uxx and vxx in the above equality we get fvx = 0 and
fux
f
=
1
ux
.
Hence
f = A(x, n, u, v, u1, v1)ux. (53)
Equality DI2 = I2 implies
(d1 − c1)v
2
1A
2ux
2(u1v1 + d1)2
−
cAg
u1v1 + d1
=
(d− c)v2ux
2(uv + d)2
−
cvx
uv + d
. (54)
It follows from (54) that
g =
(
(d1 − c1)v
2
1A
2c1(u1v1 + d1)
−
(d− c)v21(u1v1 + d1)
2c1A(uv + d)2
)
ux +
c(u1v1 + d1)
c1A(uv + d)
vx. (55)
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By substituting the expressions for f and g into (52) and comparing the coefficients by ux, vx and
free term we get
Ax
A
= 0,
Au
A
+ Au1 +
(
Av1
A
−
u1
u1v1 + d1
)(
(d1 − c1)v
2
1A
2c1(u1v1 + d1)
−
(d− c)v2(u1v1 + d1)
2c1A(uv + d)2
)
+
(d1 − c1)v1A
c1(u1v1 + d1)
−
(d− c)v
c(uv + d)
= 0, (56)
Av
A
+
c(u1v1 + d1)
c1A(uv + d)
(
Av1
A
−
u1
u1v1 + d1
)
+
u
uv + d
= 0.
One can check that A =
v(u1v1 + d)
v1(uv + d)
is a particular solution provided d1 = d and c1 = c. Now
assuming that A 6=
v(u1v1 + d)
v1(uv + d)
we introduce new function
D2 =
v1(uv + d)
v(u1v1 + d1)
A. (57)
In terms of D2 the system (56) becomes
D2x = 0,
(uv + d)D2u +
v(u1v1 + d1)D2
v1
D2u1 +
vv1
2c1
(
(d1 − c1)D2 − (d− c)D2
−1
)
D2v1
−
dv
c
D2 +
(d1 + c1)v
2c1
D2
2 +
v(d− c)
2c1
= 0,
c1vD2D2v + cv1D2v1 + (−cD2 + c1D2
2) = 0.
For function W = W (u, v, u1, v1,D2) the last two equations become
(uv + d)Wu +
v(u1v1 + d1)
v1
D2Wu1 +
vv1
2c1
(
(d1 − c1)D2 − (d− c)D2
−1
)
Wv1
+
(
dv
c
D2 −
(d1 + c1)v
2c1
D2
2 −
v(d− c)
2c1
)
WD2 = 0,
c1vD2Wv + cv1Wv1 + (cD2 − c1D2
2)WD2 = 0.
In new variables u˜ = u, u˜1 = u1, v˜ = v(c1D2 − c), v˜1 = v1(c1D2 − c)D
−1
2 , D˜2 = D2 the last system
can be rewritten as
(
(c1D˜2 − c)u˜v˜ + d(c1D˜2 − c)
2
)
Wu˜ +
v˜
v˜1
(
u˜1v˜1D˜2(c1D˜2 − c) + d1(c1D˜2 − c)
2
)
Wu˜1
+v˜2
(
c1dD˜2
c
−
(d1 + c1)D˜2
2
2
+
c− d
2
)
Wv˜ + v˜v˜1
(
(d1 − c1)D˜2
2
2
−
cd1D˜2
c1
+
c+ d
2
)
Wv˜1 = 0, (58)
W
D˜2
= 0.
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Special solutions of (58) may occur only when D˜2 = c1/c. We differentiate equation (58) with
respect to D˜2 three times and get the following system of three equations
(dc2 − cu˜v˜)Wu˜ + c
2d1
v˜
v˜1
Wu˜1 +
(c− d)v˜2
2
Wv˜ +
(c+ d)v˜v˜1
2
Wv˜1 = 0, (59)
(c1u˜v˜ − 2dc1c)Wu˜ − (2d1c1c
v˜
v˜1
+ cu˜1v˜)Wu˜1 +
c1dv˜
2
c
Wv˜ −
cd1v˜v˜1
c1
Wv˜1 = 0, (60)
dc21Wu˜ +
(
d1c
2
1v˜
v˜1
+ c1u˜1v˜
)
Wu˜1 −
(d1 + c1)v˜
2
2
Wv˜ +
(d1 − c1)v˜v˜1
2
Wv˜1 = 0, (61)
that has no solutions if c1 6= c or d1 6= d. In case of c1 = c and d1 = d the system becomes
Wu˜ −
v˜2(2c2d+ (c− d)u˜1v˜1)
2c(u˜u˜1v˜v˜1 + cd(u˜v˜ − u˜1v˜1))
Wv˜ −
v˜v˜1(2c
2d+ (c+ d)u˜1v˜1)
2c(u˜u˜1v˜v˜1 + cd(u˜v˜ − u˜1v˜1))
Wv˜1 = 0, (62)
Wu˜1 −
v˜v˜1(−2c
2d+ (c+ d)u˜v˜)
2c(u˜u˜1v˜v˜1 + cd(u˜v˜ − u˜1v˜1))
Wv˜ +
v˜1
2(2c2d+ (−c+ d)u˜v˜)
2c(u˜u˜1v˜v˜1 + cd(u˜v˜ − u˜1v˜1))
Wv˜1 = 0. (63)
After the change of variables u∗1 = u˜1, v
∗
1 = v˜1, v
∗ =
v˜
v˜1
(2c2d+ (c+ d)u˜1v˜1)
2d
c+d ,
u∗ = u˜v˜1 (2c
2d+ (c+ d)u˜1v˜1)
c−d
c+d − 2c2du˜1v˜1
2v˜−1 (2c2d+ (c+ d)u˜1v˜1)
−
2d
c+d equations (62) and (63)
become Wv∗
1
= 0 andWu∗
1
= 0 respectively. We rewrite these first integrals in old variables and get
that the general solution is given implicitly by H(K2, L2) = 0, where H is any smooth function
and K2, L2 are given by (26). The form of system (25) follows from (53), (55) and (57). 
4 Proof of Theorem 3
Proof. Equality DJ3 = J3 implies
−
fx + fuux + fvvx + fu1f + fv1g + fuxuxx + fvxvxx
f
+
2v1f + u1g
u1v1 + d1
= −
uxx
ux
+
2vux + uvx
uv + d
. (64)
By comparing the coefficients by uxx and vxx in the above equality we get fvx = 0 and
fux
f
=
1
ux
.
Hence
f = A(x, n, u, v, u1, v1)ux. (65)
Equality DI3 = I3 implies
fβg
(u1v1 + d1)β
+
βv21f
β+1
(u1v1 + d1)β+1
=
uβxvx
(uv + d)β
+
βv2uβ+1x
(uv + d)β+1
. (66)
Let
D3 =
u1v1 + d1
A(uv + d)
. (67)
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Then from (66) we get
g =
(
−
βv21
D3(uv + d)
+
βv2Dβ3
(uv + d)
)
ux +D
β
3 vx. (68)
The equality (64) in terms of D3 takes the form
D3x
D3
+
(
D3u
D3
+
u1v1 + d1
D3
2(uv + d)
D3u1 +
β(v2Dβ3 − v
2
1D
−1
3 )
D3(uv + d)
D3v1 +
v1
D3(uv + d)
−
v
(uv + d)
)
ux
+
(
D3v
D3
+D3
β−1D3v1
)
vx = 0. (69)
By comparing the coefficients by ux, vx and free term we get
D3x = 0, (70)
uv + d
D3
D3u +
u1v1 + d1
D3
2 D3u1 +
βv2Dβ3 − βv
2
1D
−1
3
D3
D3v1 +
v1
D3
− v = 0, (71)
D3v +D3
βD3v1 = 0. (72)
In new variables v˜1 = v1 − vD
β
3 , v˜ = v, u˜ = u, u˜1 = u1, D˜3 = D3 equations (72) and (71) can be
rewritten for function W = W (u˜, v˜, u˜1, v˜1, D˜3) as follows
Wv˜ = 0,
D˜3(u˜v˜ + d)Wu˜ + (u˜1(v˜1 + v˜D˜3
β
) + d1)Wu˜1 + D˜3(v˜(D˜3 − D˜3
β
)− v˜1)WD˜3 − βv˜1(v˜1 + v˜D˜3
β
)Wv˜1 = 0.
We differentiate the last equation with respect to v˜, use the fact that Wv˜ = 0 and get the new
system of equations
u˜D˜3Wu˜ + u˜1D˜3
β
Wu˜1 + (D˜3
2
− D˜3
β+1
)W
D˜3
− βv˜1D˜3
β
Wv˜1 = 0,
dD˜3Wu˜ + (u˜1v˜1 + d1)Wu˜1 − D˜3v˜1WD˜3 − βv˜1
2Wv˜1 = 0,
that can be rewritten as
Wu˜ +
d1D˜3 − d1D˜3
β
+ D˜3u˜1v˜1
d1u˜− dD˜3
β
u˜1 + u˜u˜1v˜1
W
D˜3
−
βd1v˜1D˜3
β−1
d1u˜− dD˜3
β
u˜1 + u˜u˜1v˜1
Wv˜1 = 0,
Wu˜1 −
D˜3(dD˜3 − dD˜3
β
+ u˜v˜1)
d1u˜− dD˜3
β
u˜1 + u˜u˜1v˜1
W
D˜3
+
βv˜1(dD˜3
β
− u˜v˜1)
d1u˜− dD˜3
β
u˜1 + u˜u˜1v˜1
Wv˜1 = 0.
After the change of variables u∗ = u˜v˜1
1/βd
1/(1−β)
1 D˜3
−1
− dd
β/(1−β)
1 u˜1v˜1
1/β ,
D∗3 = v˜1
(1−β)/βD˜3
β−1
− v˜1
(1−β)/β+(β−1)d−11 u˜1v˜1
1/β , u∗1 = u˜1, v
∗ = v˜, v∗1 = v˜1 the last two equations
become respectively Wv∗
1
= 0 and Wu∗
1
= 0. We rewrite these first integrals in old variables and
get that general solution is given implicitly by H(K3, L3) = 0, where H is any smooth function
and K3, L3 are given by (31), (32). The form of system (30) follows from (65), (68) and (67). 
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